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The ratios of the masses of D{p — d) branes to the masses of Dp in open bosonic string field 
theory are computed within the modified level truncation approximation of Moeller, Sen 
and Zweibach. At the lowest non-trivial truncation requiring the addition of new primary 
states, we find evidence of rapid convergence to the expected result for 2 < (i < 6 providing 
additional evidence for the consistency of this approximation. 



There is growing evidence that open string field theory provides a direct approach 
to study string theory tachyons. This recent progress has been possible as a result 
of Sen's conjecture that there is an extremum of the tachyon potential at which the 
total negative potential energy exactly cancels the tension of the il>-brane[|l| and that 
lump solutions are identified with lower dimensional branes[|l],0. These conjectures have 
been extended for tachyons living on coincident D-hrane anti--D-brane pairs and for 
tachyons on the non-BPS D-branes of type IIA or IIB superstring theories 
These conjectures provide precise predictions which can be used to test and develop ap- 
proximation techniques in open string field theory. The results obtained thus far are 



impressive PMP,PMra,ra,ffa0ig In particular, the level truncation approxi- 



mation has proved to be powerful in this context. The original argument for level trun- 
cation appeared in the unpublished work[^ and was subsequently used by Samuel and 
Kostelecky[p2l to study the vacuum structure of string field theory. In this article, we 
are interested in a variant of the level truncation scheme, introduced by Moeller, Sen and 
Zweibach (MSZ)|jT^. Within this scheme, MSZ were able to compute the ratio of the mass 
of a D{p — l)-brane to a Dp-hrane to an impressive accuracy of about 1%!0 



This ratio was computed in [|T2| in the field theory limit and good agreement with 
the expected result was obtained. Indeed, the field theory lump reproduces 78% of the 
expected D{p — 1) brane tension. Including the stringy corrections from the momentum 
dependence of the interaction terms does not significantly change the tension of the lump. 
This is not the case for the ratios of the masses of D[p ~ d) branes to the masses of 
Dp branes for d > 1. As (i is increased the field theory predictions get worse and for 
d large enough there are no lump solutions. When the stringy corrections are included, 
lump solutions can be found for any value of However, initial studies of these ratios 

show that the leading order in the level truncation approximation over estimates this ratio 
for (i > 4, with the results becoming increasingly worse as d is increased. As a further 
interesting check of the modified level truncation scheme, one could compute the ratios of 
the masses of D{p — d) branes to the mass of a Dp brane. These ratios are more difficult 
to reproduce and obtaining them within the modified level truncation approximation will 
give important insight into how fast the approximation converges. This is the question 
that is studied in this article. 



^ By turning on a large B field the description of tacliyon condensation can be drastically 
simplified. In tliis limit, the tension computed from tachyonic solitons exactly agree with the 
expected D-brane tensions [ 23 1. 
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The modified level truncation approximation starts by assigning to a state with 
number eigenvalue Ni, the level 

Tl ' Ti 

/($,,^)^-^ + iV,-iVo, (1) 



where A'^o is the number eigenvalue for the zero momentum tachyon ||18|| . The level (M, A^) 
approximation to the action is then defined by keeping only fields with level < M and terms 
in the action for which the sum of levels is < A^. We assume that the background spacetime 
is the product of a ((i+l)+l dimensional fiat spacetime labelled by the spacelike coordinates 
(x^, ...,x'^,y) and a timelike coordinate , and a Euclidean manifold M. described by a 
conformal field theory of central charge 26 — (i — 2. The spatial direction y is non-compact; 
the X*, i = 1, (i parametrize a torus T"^: x* ~ a;* + i?. As in by studying the motion of 



the brane along this non-compact direction, we can compute its tension. For an open string 
ending on the D-brane, we put Neumann boundary conditions on the fields {X^ ^ 
and X^, and Dirichlet boundary conditions on the field Y and on the fields associated with 
the coordinates of M.. These boundary conditions are correct for a Dd-hiaive wrapped on 
the T^. Because the D-brane has a finite volume, it will have a finite mass. 

The dynamics of the open strings with ends on this D-brane is described by the 
direct sum of the conformal field theories associated with the fields X*, Y, X^ and 
the manifold M.. Following we will work on a subspace of the full string field 



theory Fock space. Towards this end, we denote the conformal field of the X* by 
CFT(T^) and the conformal field theory of the fields y, X^ and of the manifold M. by 
CFT' =CFT(y)©CFT(A:°)©CFT(A<). The Virasoro generators of the system are given 
by Ln = L^°^^ + + L^, where L^°^^ are the Virasoro generators of the ghost system, 
are the Virasoro generators of CFT(T'^) and are the Virasoro generators of CFT'. 
The subspace of the full string Fock space that we will focus on is most easily character- 



ized by grouping states into Verma modules [ 24 1. Each Verma module can be labelled by 



a primary state. The Verma module contains this primary state together will all states 
obtained by acting on this primary with the Virasoro generators i^!^^, L'_^, ci, c_n and 
with n > 0. Null states and their descendents should be removed. The truncation can 
now be described by specifying which primary states we consider. We consider primary 
states (with arbitrary momentum on the T^) of CFT(T^) which are even under X —X 
and are trivial CFT' primaries. We will also restrict to states of even twist. For more 



details, the reader should consult ||2J] . Working on this subspace was shown in||2J,^ to be 



a consistent truncation of the full open string field theory. 
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If we work to a given level, then we need only consider the Verma modules built on 
a finite number of primary fields. In our subspace, the zero momentum tachyon mode is 
the only primary that needs to be considered at level 0; there are d — 1 zero-momentum 



primaries to be considered at level 2 [^S]]. In the analysis of |]T^, the case d = 1 was 

considered, so no new zero- momentum primaries had to be added until level 4. Since we 
work only to level (2,4) we need not consider any other zero- momentum primaries. Thus, 
the states that we consider are 

|T.)-,cos(^)|0) (2) 

\UH) = C-^ cos [^^^)\0) (3) 

\Vn) = c,L^_lcos[^^)\0), (4) 

|T^^)=ciL'_2Cos(^^:^)|0), (5) 

\Z,)=c^L^_UlUos{^^)\0)^ (6) 

\Sl) = cM-iC^-i - - «o«-2 + «o+'«-V) COS (^^^^) |0). (7) 

The states 15"^) are the new zero momentum primaries that need to be added at level 2. We 
should not include the zero momentum mode, since it corresponds to the descendent 
of a null state. The index i runs from i = — 1. The conditions that the states 15"^) 

are primary implies the following restriction on n 

n^ = ±n^+^ (8) 
The string field is expanded in terms of these states as follows 

n 

To ensure that we have the — » —X* symmetry we have to put restrictions on the 
coefficients appearing in this expansion. For example, in the case that d = 2, states 
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carrying momentum n = (1,1) are related to states carrying momentum n = (1,-1) by 
X'^ — > — X^. Thus, the coefficients corresponding to these states in should be identified. 
If we were treating this problem in the R ^ oo limit, we'd look for solutions which are 
rotationally invariant. However, for finite R, all that survives of the rotational invariance 
is a discrete subset of rotations which permute the different X"^. We will compute the 
potential below assuming this symmetry. Thus for example, in the case d = 2, we will not 
distinguish between states carrying momentum n = (0, 1) and states carrying momentum 
n = (1, 0). In addition, we will not distinguish between Sq for diferent values of i. 
The string field theory action is given by 

s = {^\Qm + ^{VsW^mm (lo) 

with Q the first quantized BRST operator and IV3) the three string interaction vertex. To 
compute the potential, we have used the operator representation of the vertex as an object 
in the three string (dual) Fock spacePH]. Evaluation of the above two terms in the action 



then requires only algebraic manipulations. The details of this computation will appear 
elsewhere |l25|]. The result, up to level (2,4) is (with R — \/3) 



V(0,0)^-^tl+^Khl (11) 

^(i.?)^no,o)-^(i-i,)*; + ^i.-*w;. (12) 



' 3' 3 



2 \ 2 I d{d-l) ..3--^ -2- 

(13) 



F(l,2) = y(|,^)+d(d-l)(rf-2) 



3 3 U g j^2j 



(14) 



y ( J, ^) = y(l, 2) + d{d - l)(rf - 2){d - 3) 

(^2 7^3- 



6^ 



+ d 



1 ~. 

12 
1 



R^J 



4 \ d-l 



2 4 



(15) 



1 - 



i?2 



o 10 1 , X O- Q 10 



+ 2{d - 2)t2ht^K-'~Ti^ + 7:id- 2)tlt^K-'~T^ ) + d{d - l){d - 2)(d - 3) x 



1 



X (d - 4) ( — toti^^r^"^ - —i 



1 



15 



30 



1 - 



i?2 



+ \t2tiK^ ^ + tlUK^ ^) +d{d- l)tit2hK 



3-A 

n2 



(16) 



y(2,4) = 1/ 



5 10\ 



3' 3 / 



) +d{d- l){d - 2) to^6^ «^ + ^tit^UK-"'!^ + t2tiK-'~R 



-5d 3 
"32" ^ ;R2J 



5(26 - rf) 
96 



K 'r^wqI^ 



1 



72 



1-A 

i?2 



+ t2UUK^~^^ + rf(rf - l)(ci - 2)(d - 3)(d - A){d - b)K^~^ x 



-^to^l + ^hhh + Jt2^4^6 + + ^t^te + ^t3t4t5 + ) + d{d - 1) X 

4o io o o y o o 



(d-2)(d-3)K^ ^[2titQ + 2hUh + -tiu'j+ 



5(i 9 



c!(d - - 2)(d - 3)(d - 4)(c! - 6)| (l " + rfl-i " 



4 



_ 5(/ 2 
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2 11 r^l— " 2 

^2^^0 + ^Uo^2 - 



5(26-d)^i. 
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25^2 
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64 
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432 



hd 1 
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25(26 -d)^ 
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55d 
432 



KtoUQVo 



55(26 - rf) 



432 



toWQ + -Vq 

26 -d 



KtQUQWQ - Y + 
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(17) 

In this potential we have labelled the modes by their n ■ n eigenvalue. This labelling is not 
unique if d > 3 and n ■ n > 4. For example, when d — 4 and n ■ n — 4 we can build the 
n as n = (1, 1, 1, 1) or n = (2, 0, 0, 0). We distinguish between these two vectors by using 
a tilde (i) to denote vectors whose only entries are Is and by using a bar (i) to denote 
vectors whose entries include a 2. This labeling is unique to the level considered here. We 
now seek lump solutions for the tachyon condensate which minimize this potential. 



The lump solutions are local minima of the potential. A direct minimization of the 
potential usually yields the tranlationally invariant vacuum which is the unique global 
minimum. To obtain the lump solutions, we found it simplest to work with the equations 
of motion. The numerical results obtained in this way were stable, both as d is increased 
and as the level is increased. For example, the following table summarizes the values of 
the fields at the minimum corresponding to the DQ lump, with R = and d = 2 





(I 2^ 
^3' 3^ 


^3' 3^ 


^3' 3^ 


^3' 3 ^ 


(2,4) 


to 


0.1810 


0.2863 


0.3021 


0.3186 


0.3806 


tl 


0.2435 


0.2115 


0.2025 


0.1915 


0.2127 






-0.1253 


-0.1256 


-0.1257 


-0.1432 


h 






-0.0442 


-0.0495 


-0.0563 


h 








0.0280 


0.0353 


Uo 










0.1268 


vo 










0.0234 


Wo 










0.0417 


■^0 










0.00 



The fact that Sq is zero is a consequence of the fact that it enters the action quadratically. 
Generically, at this level, the potential would include terms linear in Sq which would couple 
Sq to the tl, t2 and ts tachyon modes. However, due the symmetry of the tachyon solution 
these couplings vanish once summed over momenta. 

We have used these minima to compute the ratio of the mass of a, D{p — (i)-brane to 
the mass of a Dp brane. The quantity that we measure is 



lump 



{27iRy 



Vi 



ump 



^vac 



To 2P-i7rP-2 

where Eiump in the energy of the lump solution, Tq is the mass of a zero brane, Viump 
is the value of the potential evaluated at the lump solution and Vyac is the value of the 
potential evaluated at the global minimum corresponding to the translationally invariant 
tachyon condensate. The predicted value for this ratio is 1. We have computed Viump and 



Vyac to the same order in the modified level truncation expansion. In |]T^ this parameter 
was called r^^). The values of r obtained in this study are 
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(- -) 

^ O O ' 


(- -) 

^ O O ' 


(1,2) 


(- ^) 

\ "^l J 
^ O O ' 


(5 ION 

^ O O ' 


(2,4) 


d = 2 


1.3402 


0.8992 




0.8377 


0.7772 


1.1303 


d = 3 


2.3213 


1.4237 


1.0690 


1.0278 


0.9313 


1.3277 


d^4 


4.0206 


2.3658 


1.5659 


1.2712 


1.1754 


1.6384 


d = h 


6.963 


4.009 


2.472 


1.7782 


1.5036 


2.0901 


d = 6 


12.06 


6.8225 


4.0391 


2.6862 


2.0618 


2.6641 



The decrease in the value of r as higher tachyon modes are added and the sharp increase 
in the tension at level (2,4) qualitatively match the results obtained in [18|. 

For d = 2 we have ploted the tachyon profile of the -DO brane lump solution at levels 
(2,4) and (5/3,10/3) 




Fig. 1: A contour plot of the tachyon lump profile at level (2,4) and at 
radius R = We have reversed the signs of ti and ts, which shifts the 
lump's center from x = y = tcR to x = y = 
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Fig. 2: A profile plot of the tachyon lump at level (f , ^) and at radius 
R=V3. 

Our results indicate the the modified level truncation proposed by MSZ provides a 
powerful tool for the study of tachyon condensation in bosonic open string field theory. 
It is interesting to extend these results to higher level, to further test the accuracy and 
concergence of the modified level truncation approximation. It is possible to continue to 
level (11/3, 22/3) with R = -\/3 before we need to add any new zero-momentum primaries. 
This study is in progress. 

Note Added: An independent study of two dimensional solitons in open bosonic string 
theory has recently appeared in |2^. The results of [27] agree with the results we obtained 



here for d = 2. 
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